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INTRODUCTORY COMMENTS

This study guide is designed to help in the preparation for the Society of Actuaries Exam P-
Casualty Actuarial Society Exam 1. The study manual is divided into two main parts. The first
part consists of a summary of notes and illustrative examples related to the material described in
the exam catalog as well as a series of problem sets and detailed solutions related to each topic.
Many of the examples and problems in the problem sets are taken from actual exams (and from
the sample question list posted on the SOA website.

The second part of the study manual consists of eight practice exams, with detailed solutions,
which are designed to cover the range of material that will be found on the exam. The questions
on these practice exams are not from old Society exams and may be somewhat more challenging,
on average, than questions from previous actua exams. Between the section of notes and the
section with practice exams | have included the normal distribution table provided with the exam.

| have attempted to be thorough in the coverage of the topics upon which the exam is based. |
have been, perhaps, more thorough than necessary on a couple of topics, particularly order
statistics in Section 9 of the notes and some risk management topics in Section 10 of the notes.

Section 0 of the notes provides a brief review of afew important topics in calculus and algebra.
This manual will be most effective, however, for those who have had courses in college calculus
at least to the sophomore level and courses in probability to the sophomore or junior level.

If you are taking the Exam P for the first time, be aware that a most crucial aspect of the exam s
the limited time given to take the exam (3 hours). It isimportant to be able to work very quickly
and accurately. Continual drill on important concepts and formulas by working through many
problems will be helpful. It isalso very important to be disciplined enough while taking the
exam so that an inordinate amount of time is not spent on any one question. If the formulas and
reasoning that will be needed to solve a particular question are not clear within 2 or 3 minutes of
starting the question, it should be abandoned (and returned to later if time permits). Using the
exams in the second part of this study manual and simulating exam conditions will also help give
you afeeling for the actual exam experience.

If you have any comments, criticisms or compliments regarding this study guide, please contact
the publisher, ACTEX, or you may contact me directly at the address below. | apologizein
advance for any errors, typographical or otherwise, that you might find, and it would be greatly
appreciated if you bring them to my attention. Any errors that are found will be posted in an
erratafile a the ACTEX website, www.actexmadriver.com .

It is my sincere hope that you find this study guide helpful and useful in your preparation for the
exam. | wish you the best of luck on the exam.

Samuel A. Broverman October, 2009
Department of Statistics
University of Toronto E-mail: sam@uitstat.toronto.edu or 2brove@rogers.com

Wwww.sambroverman.com

© ACTEX 2010 SOA Exam P/CAS Exam 1 - Probability



SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE 59

SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE

Conditional probability of event B given event A:
If P[A] > 0, then P[B|A] = % iss defined to be the conditional probability that event B
occurs given that event A has occurred. Events A and B may be related so that if we know that
event A has occurred, the conditional probability of event B occurring given that event A
has occurred might not be the same as the unconditional probability of event B occurring if we
had no knowledge about the occurrence of event A. For instance, if afair 6-sided die is tossed
and if we know that the outcome is even, then the conditional probability isO of tossing a 3 given
that the toss is even. If we did not know that the toss was even, if we had no knowledge of the
nature of the toss, then tossing a 3 would have an unconditional probability of 1 , the same as dl

other possible tosses that could occur.

When we condition on event A, we are assuming that event A has occurred so that A becomes the
new probability space, and all conditional events must take place within event A (the new
probability space). Dividing by P[A] scalesall probabilities so that A isthe entire probability
space, and P[A|A] = 1. To say that event B has occurred given that event A has occurred means
that both B and A (B N A) have occurred within the probability space A. This explainsthe
numerator P(B N A) in the definition of the conditional probability P[B|A].

Rewriting P[B|A] = % , the equation that defines conditional probability, resultsin

P[BnN A] = P[B|A] - P[A], whichisreferred to as the multiplication rule.

Example 2-1: Suppose that afair six-sided dieistossed. The probability spaceis

S =1{1,2,3,4,5,6}. Wedefine the following events:

A = "the number tossed iseven" = {2,4,6} , B = "thenumber tossedis < 3" = {1,2,3} ,
C = "thenumber tossedisal ora2" = {1,2} ,

D = "the number tossed doesn't start with the letters'f' or 't" = {1,6} .

The conditional probability of B given A is

P[B|A] = P[{1],32[,{32}727{62},]4,6}] = PE[Q{,EE}] = % = % . The interpretation of this conditional

probability isthat if we know that event A has occurred, then the toss must be 2, 4 or 6. Since the
original 6 possible tosses of adie were equally likely, if we are given the additional information
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60 SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE

Example 2-1 continued

that thetossis 2, 4 or 6, it seems reasonable that each of thoseis equally likely, each with a

probability of % Then within the reduced probability space A, the (conditional) probability that
1

event B occursis the probability, in the reduced space, of tossing a 2; thisis 3.

For events B and C' defined above, the conditional probability of B given C'is P[B|C] = 1.
To say that C' has occurred means that the tossis 1 or 2. It isthen guaranteed that event B has
occurred ( thetossisal, 2 or 3),since C C B.

The conditional probability of A given C'is P[A|C] = % O

Example2-2: If P[A] =3 and P[B] = 3, and P[A|B] + P[B|A] =
find P[AN B
Solution: P[B|A] = P}[A} —6P[ANB] and P[A|B] = 2408l _ 2 pry g

P[B] 5
~ (6+%). PIANB] = & - PANB] = O

L
12 -

IMPORTANT NOTE: The following manipulation of event probabilities arises from time to
time: P[B] = P[B|A]- P(A) + P[B|A']- P(A)).

Thisrelationship isaversion of the Law of Total Probability. Thisrelationship isvalid since for
any events Aand B, wehave P[B| = P[BN A]+ P[B N A’] . We then use the relationships
P[BN A] = P[B|A]- P(A) and P[BN A'] = P[B|A’]- P(A") . If weknow the conditional
probabilities for event B given some other event A and if we also know the conditional
probability of B given the complement A’, and if we are given the (unconditional) probability of
event A, then we can find the (unconditional) probability of event B. An application of this
concept occurs when an experiment has two (or more) steps. The following example illustrates
thisidea

Example 2-3: Urn | contains 2 white and 2 black balls and Urn I contains 3 white and 2 black
balls. An Urnischaosen at random, and aball israndomly selected from that Urn. Find the
probability that the ball chosen is white.
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SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE 61

Solution: Let A bethe event that Urn | ischosen and A’ isthe event that Urn Il ischosen. The
implicit assumption is that both Urns are equally likely to be chosen (thisis the meaning of "an
Urnischosen at random"). Therefore, P[A] = % and P[A] = % . Let B be the event that the
ball chosen iswhite. If we know that Urn | was chosen, then there is % probability of choosing a
white ball (2 white out of 4 balls, it is assumed that each ball has the same chance of being
chosen); thiscan bedescribedas P[B|A] = % . Inasimilar way, if Urn |l is chosen, then
P[B|A] = % (3 white out of 5 balls). We can now apply the relationship described prior to this
example. P[BN A] = P[B|A]- P[A] = (3)(3) = 1 . and

P[BN A = P[B|A]- PIA] = (2
P[B]=P[BNA]+PBNnA]=

3 .
1g - Finaly,

The order of calculations (1-2-3) can be summarized in the following table
A Al
B 1. P(BN A) = P[B|A] - P[A] 2. P(BNnA') = P[B|A'] - P[A]
3. P(B)=P(BNA)+P(BNA)

An event tree diagram, shown below, is another way of illustrating the probability relationships.

A Black=F

Conditional
Civen A

PB'|AT) = ¢

F(EN AN P(B n A"
P[ENA4) = FE'NA) U ; ; i
P(B|A) x P(A) =;1:=(B~'1|,4 ><1F|{Aj - é{filrf!; )_xg(zij _F(Bzrwjix FEA;)
=3%x3=7 =3%X2714 572710 =5Xx3=5
P(B)=P(BNA)+PBNA) =]+ =35 O
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62 SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE

IMPORTANT NOTE: An exam question may state that "an item is to chosen at random"
from a collection of items". Unless there is an indication otherwise, thisisinterpreted to mean
that each item has the same chance of being chosen. Also, if we are told that afair coin is tossed
randomly, then we interpret that to mean that the head and tail each have the probability of .5
occurring. Of coursg, if we aretold that the coin is"loaded" so that the probability of tossing a
head is 2/3 and tail is 1/3, then random toss means the head and tail will occur with those stated
probabilities.

Bayes ruleand Bayes Theorem (basic form):

For any events A and B with P[B] > 0, P[A|B] = PE;‘}EF] = P[B},‘TLT[A] .

The usual way that thisis applied isin the case that we are given the values of

P[A] , P[B|A] and P[B|A’] (from P[A] weget P[A'] =1 — P[A)),

and we are asked to find P[A|B] (in other words, we are asked to "turn around" the conditioning

of the events A and B). We can summarize this process by calculating the quantitiesin the
following table in the order indicated numerically (1-2-3-4) (other entries in the table are not
necessary in this calculation, but might be needed in related calculations).

A, P(A) given A', P(A’) given
B P[B|A] given P[B|A’] given
1. P[BNA] = P[B|A] - P[A] 2. P[BN A'] = P[B|A'] - P[4
Y Y

3. P[B] = P[BN A] + P[BN A/

Also, we can find

P[B'|A] =1 - P|B|4] P[B'|A'| =1 - P[B|A]
P[B'n A] = P[B'|A] - P[A] P[A'NB'|=P[B'|A'] - P[A']
and P[B'|=P[B'NnA]+ P[B'nA|
(but we could havefound P[B’] from P[B'] =1 — P[B],once P[B] wasfound).

B/

P[ANB|

Step 4: P[A|B] = PTE]
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SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE 63

This can also be summarized in the following sequence of calculations.

P[A], P[B|A4], given P[A’) =1- P[A], P[B|A'], given
4 Y
P[BN A] P[BN A
= P[B|A] - P[A] = P[B|A] - P[A']
Y

P[B] = P[ BN A]+ P[BN A’

Algebraically, we have done the following cal culation:
P[ANB] P[ANB] P[B|A]-P[A]

PIA|B] = =pipr = PBAAlT PIBAA] = PIBIATPIA| L PBIATPIA]

where all the factorsin the final expression were originally known. Note that the numerator is

one of the components of the denominator. The following event treeissimilar to theonein
Example 2-3, illustrating the probability relationships.

F(AN

Known Proh.

P(B|4) F(B'|4) P(B|A") F(B'|4)

Known

Conditional
Proh.

Known
Conditional
Proh.

F(BNA) P(B' N A) F(ENA) P(B'NA")
= P(B|A) x P{A) =P(F|A)x P(4) =P(B|A")x P(A) =F(B|4")x P4

P(B) = P(BNA)+ P(Bn &) P(E')=P(B nA4)+ P(B N 4)

Note that at the bottom of the event tree, P(B’) isaso equal to 1 — P(B).

Exam questionsthat involve conditional probability and make use of Bayesrule
(and its extended form reviewed below) occur frequently. Thekey starting point is
identifying and labeling unconditional events and conditional events and their probabilities
in an efficient way.
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64 SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE

Example 2-4: Urn| contains 2 white and 2 black balls and Urn I contains 3 white and 2 black
balls. Oneball is chosen at random from Urn | and transferred to Urn 11, and then aball is chosen
at random from Urn I1. The ball chosen from Urn Il is observed to be white. Find the probability
that the ball transferred from Urn | to Urn Il was white.

Solution: Let A denote the event that the ball transferred from Urn | to Urn |1 was white and let
B denote the event that the ball chosen from Urn Il iswhite. We are asked to find P[A|B] .
From the simple nature of the situation (and the usual assumption of uniformity in such a
situation, meaning that all balls are equally likely to be chosen from Urn | in the first step), we
have P[A] = 1 (20f the4ballsin Urn| are white), and P[A’] = 3

If the ball transferred iswhite, then Urn Il has 4 white and 2 bI ack balls, and the probability of
choosing awhite ball out of Urn |1 |s ; thisis P[B|A] =

If the ball transferred is black, then Urn Il has 3 white and 3 black balls, and the probability of
choosing awhite ball out of Urn Il is 1 ; thisis P[B|A'| = %

All of the information needed has been identified. From the table described above, we do the
calculationsin the following order:

1. P[BN Al = P[B|A]- P[A] = (3)(5) = %

2 P[BNA]=P[B|A]-PIA]=(1)(3) =1

3 PB=PBNA+PBnA|=t4+1_-T

4. PlAB =Tl ==t -

Example 2-5: Identica twins come from the same egg and hence are of the same sex. Fraternal
twins have a 50-50 chance of being the same sex. Among twins, the probability of afraternal set
isp and anidentical setis ¢ = 1 — p. If the next set of twins are of the same sex, what isthe
probability that they are identical?

Solution: Let B bethe event "the next set of twins are of the same sex", and let A be the event
"the next sets of twinsareidentical". Wearegiven P[B|A] =1, P[B|A|=.5

PlA]=q , P[A]=p=1—q. Then P[A|B]= % iss the probability we are asked to
find. But P[BN A] = P[B|A]- P[A] =q, and P[BN A’ = P[B|A']- P[A'] = .5p.
Thus, P[B]=P[BNA|+PBNA|l=q+.5p=q+.5(1-¢q)=.5(1+¢),and

PIAIB] = 5115
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SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE 65

Example 2-5 continued
This can be summarized in the following table

A = identical, P[A] = ¢ A" = notidentical P[A'] =1—¢q
B = same sex P[B|A] =1 (given) , P[B|A’] = .5 (given)
P[Bn A] P[Bn A
= P[B|A]- P[A] = ¢ = P[B|AT- P[A'] = .5(1 —q)
4
P[Bj=P[BNnA|+PBNnA]=q+.5(1—-¢q)=.51+¢q).
__ P[BnA] q
Then, P[A|B] = PIB = B(i+q) -
The event tree shown on page 63 can be applied to this example. O

Bayes ruleand Bayes Theorem (extended form):

If Ay, A, ..., A, formapartition of the entire probability space S, then
P[BNA] P[BNA)] P[B|A,]-P[Aj]
P[Aj|B] = = =

PIBL " S~pina)  yop(BlA)-PlA)

foreach j=1,2,...,n.

For example, if the A'sform apartition of n = 3 events, we have
[AinB] P[B|A,]-P[A]
P[B] — P[BNA|]+P[BNAy]+P[BNA;]

— P[B|A]-P[A]
~ P[BIAy]-P[Ai]+P[B| Ay} P[A2]+ P[B| A3]- P[A3]

playB =~

Therelationship in the denominator, P[B] = Y P[B|A;] - P[A;] isthe genera Law of Total
i=1

Probability. The values of P[A;] arecalled prior probabilities, and the value of P[A;|B] is
called a posterior probability. The basic form of Bayes ruleisjust the case in which the partition
consists of two events, A and A’. The main application of Bayes rule occursin the situation in
which the P[A;] probabilities are known and the P[B| A;] probabilities are known, and we are
asked to find P[A;|B] for oneof the j's. The series of calculations can be summarized in atable
asin the basic form of Bayes rule. Thisisillustrated in the following example.
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66 SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE

Example 2-6: Three dice have the following probabilities of throwing a"six": p,q,r,
respectively. One of the dice is chosen at random and thrown (each is equally likely to be
chosen). A "six" appeared. What isthe probability that the die chosen was the first one?
Solution: Theevent " a6 isthrown" isdenoted by B and A;, A; and A3 denote the events that

diel, die 2 and die 3 was chosen.

P[AINB] _ P[B|A]-P[A] _ P3
PIAB) = =pr = ——pr = P -
But P[B] = P[BN A+ P[BN Ay] + P[BN Aj]

= P[B|Ai]- P[Ai] + P[B|Ay] - P[As] + P[B|A3] - P[A;]

1 1
_ .1 1 1 _ prgr — b5 _ Py D
=pgtagtrg="g = PAIB =P = graaT = e

These calculations can be summarized in the following table.

Diel, P(A) = 3 Die2, P(A) =3 Die3, P(As) =3
(given) (given) (given)
P[B|Ai] = p (given) | P[B|As] = q (given) | P[B|As] = r (given)
Toss P[B N Al] P[B N AQ] P[B N Ag]
"6", B| = P[B|A1]- P[A)] = P[B|Ay] - P[Ay] = P[B|A3] - P[A3]
=p- % =q- % — . %

1 1 1 1
HBFWT§+QQ+W'§=§@+q+ﬂ.

In terms of Venn diagrams, the conditional probability isthe ratio of the shaded area probability
in the first diagram to the shaded area probability in the second diagram.

Die 2
Die 1 e Die 3
L e e i
Toss a 6 BT De 2
6" 0 Die 1 "6 n Die 3
Mot a 6
A
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SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE 67

Example 2-6 continued
Die 2
Die 1 e Die 3
_,__,——'—‘——_
Toss a 6 sl
"6 0 Die 1 "6'" n Die 3
Mot a 6
S -

The event tree representing the probabilities has three branches at the top node to represent the

three die types that can be chosen in the first step of the process.

Don't
Toss 6

Don't Don't
%‘HI:ISS 6 Toss 6
Toss 6

Toss 6
Given Die 3

Toss 6

Given Die 1
Given Die 2
P(BIA1) N
—p (Bl4z) =g P(BlAz) =7
P(BN4) F(BNAp) FP(BNAg)
= P{Toss 6N Die 1) = P(Toss 6 N Die 2) = P{Toss 6N Die 3)
1_49g — 1 _ 7
=T X 3= 3

1 £ 1_ 9
-3

=PX3=3 =gX 3
\ l

P(Toss i) = P(ENA; )+ FIENAy)+ F(EN A3z)
= P(Toss 6 N Die 1) 4+ P(Toss 6 M Die 2) + F{Toss 6 N Die 3)

SOA Exam P/ICAS Exam 1 - Probability
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68 SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE

In Example 2-6 thereis a certain symmetry to the situation and general reasoning can provide a
shortened solution. In the conditional probability P[diel]"6"] = W
of the denominator as the combination of the three possible waysa"6" can occur, p+ q + r,

, we can think

and we can think of the numerator asthe "6" occurring from die 1, with probability p. Then the

p
ptq+r

that each die was equally likely to be chosen, so thereisa % chance of any one die being chosen.

conditional probability is the fraction . The symmetry involved here isin the assumption

1
This factor of £ cancels in the numerator and denominator of p—"‘] . If we had not had this
3 (p+q+r)-3

symmetry, we would have to apply different "weights" to the three dice.

Another example of this sort of symmetry is avariation on Example 2-3 above. Suppose that Urn
| has 2 white and 3 black balls and Urn |11 has 4 white and 1 black balls. An Urnischosen at
random and aball is chosen. The reader should verify using the usual conditional probability
rules that the probability of choosing awhitei |s . This can aso be seen by noting that if we
consider the 10 balls together, 6 of them are Whlte so that the chance of picking awhite out of
the10is -+ . Thisworked because of two aspects of symmetry, equal chance for picking each

urn, and same number of ballsin each Urn.

Independent events A and B: If events A and B satisfy the relationship

P[AN B] = P[A] - P[B], then the events are said to be independent or stochastically
independent or statistically independent. The independence of (non-empty) events A and B is
equivalentto P[A|B] = P[A],anddsoisequivdentto P[B|A] = P[B].

Example 2-1 continued: A fair six-sided die is tossed.

A = "the number tossed iseven" = {2,4,6} , B = "thenumber tossedis < 3" = {1,2,3}
C = "thenumber tossedisal or a2" = {1,2}

D = "the number tossed doesn't start with the letters'f' or 't"' ={1,6} .

We have the following probabilities: P[A] 1 , P[B] = 5, P|C] = %
Events A and B are not independent since z = P[AN B] P[A]- P[B
P[B].

= P[B] - P|C] (alsosince

]). Events A and C' are independent, since

“wi= )

see that A and B are not independent because P[B|A] = % # %
Also, Band C are not independent, since P[BNC] = 3 Ly %
P[B|c1—1¢§= PB
P[ANC] = § = § - 5 = P[A] - P[C] (dtematively,
P[A|C] = § = P[A], sothat A and C' are independent).
The reader should check that both A and B are independent of D. O
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SECTION 2- CONDITIONAL PROBABILITY AND INDEPENDENCE 69

Mutually independent events. Events Aq, A,, ..., A,, aresaid to be mutually
independent if the following relationships are satisfied. For any two events, say A; and 4;, we
have P(A; N A;) = P(A4;) - P(A;). For any three events, Say A;, A;, A;. , we have |
P(A;NA;jNA) =P(4) - P(Aj) - P(Ag). Thismust be true for any four events, any five
events, etc.

Some rules concer ning conditional probability and independence are:
(i) P[An B] = P[B|A]- P[A] = P[A|B] - P[B] for any events A and B

(i) If P[A,nAyN---NAuy]>0,then
P[A; N Ay NN Ay = P[A] - P[As|A] - P[A3]|A; 0 As]-P[An] Ay N Ay 0 -+ 0 Apy]
(iii) P[A’|B] =1 — P[A|B]

(iv) P[AU B|C]| = P[A|C]+ P[B|C] — P[AN B|C]
(v) if AC Bthen P[A|B] = P};“[gf] - ﬂg} . and P[B|A] =1 : properties (iv) and (v)
are the same properties satisfied by unconditional events

(vi) if A and B are independent eventsthen A’ and B are independent events,
Aand B’ areindependent events, and A’ and B’ are independent events

(vii) since P[0] = P[0 N A] =0 = P[0] - P[A] forany event A, it followsthat } is
independent of any event A

Example 2-7: Suppose that events A and B are independent. Find the probability, in terms of
P[A] and P[B], that exactly one of the events A and B occurs.
Solution: Plexactly oneof Aand B] = P[(ANB')U (A’ N B)].
Since AN B and BN A" are mutually exclusive, it follows that
Plexactly oneof Aand B] = P[AN B'| + P[A'N B].
Since A and B areindependent, it followsthat A and B’ are also independent, asare B and A’.
Then P[(ANB)U(A' N B)]=P[A]-P[B']|+ P|B]- P[A]
= P[A|(1 — P[B]) + P[B|(1 — P[A]) = P[A] + P|B] — 2P[A] - P|B] O
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Example 2-8: Inasurvey of 94 students, the following data was obtained.

60 took English, 56 took Math, 42 took Chemistry, 34 took English and Math, 20 took Math and
Chemistry, 16 took English and Chemistry, 6 took all three subjects.

Find the following proportions.

(i) Of those who took Math, the proportion who took neither English nor Chemistry,

(ii) Of those who took English or Math, the proportion who also took Chemistry.

Solution: Thefollowing diagram illustrates how the numbers of students can be deconstructed.
We calculate proportion of the numbers in the various subsets.

)

(i) 56 studentstook Math, and 8 of them took neither English nor Chemistry.
P(E’ A C’|M) _ P(E'NC'NM) 8 1

P(M) — 56 7

(i) 82(=8+14+6+28+ 16+ 10 in E U M) students took English or Math (or both), and
30ofthem(=14+6+ 10 in (FU M) N C) aso took Chemistry .

__ P[Cn(EUM)] 30 _ 15

Example 2-9: A survey is made to determine the number of households having electric
appliancesin acertain city. Itisfound that 75% have radios (R), 65% have irons (1), 55% have
electric toasters (1), 50% have (I R), 40% have (RT), 30% have (IT'), and 20% have all three.
Find the following proportions.

(i) Of those households that have atoaster, find the proportion that also have aradio.

(ii) Of those households that have atoaster but no iron, find the proportion that have aradio.
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Solution: Thisisacontinuation of Example 1-3 given earlier in the study guide.
The diagram below deconstructs the three events.

A

(i) Thisis P[R|T] . Thelanguage "of those households that have a toaster" means, "given that

the household has atoaster”, so we are being asked for a conditional probability.
_ P[RNT) 4 8

(i) Thisis PIRIT N 1] = SRt = 2 = 4. O

Example 2-8 presents a"population” of 94 individuals, each with some combination of various
properties (took English, took Math, took Chemistry). We found conditional probabilities

involving the various properties by calculating proportions in the following way

P(A’B) _number of individuals satis fying both properties A and B
o number o f indiviudals satis fying property B

We could approach Example 2-9 in asimilar way by creating a"model population™ with the
appropriate attributes. Since we are given percentages of households with various properties, we
can imagine amodel population of 100 households, in which 75 have radios (R, 75%), 65 have
irons (1), 55 have electric toasters (7°), 50 have (I R), 40 have (RT'), 30 have (IT'), and 20 have
al three. The diagram in the solution could modified by changing the decimals to numbers out

of 100 - so .2 becomes 10, etc. Then so solve (i), since 55 have toasters and 40 have both aradio

44
50

and atoaster, the proportion of those who have toasters that also have aradiois
Creating a model population is sometimes an efficient way of solving a problem involving
conditional probabilities, particularly when applying Bayes rule. The following example
illustrates this.
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Example 2-10 (SOA): A blood test indicates the presence of a particular disease 95% of the
time when the disease is actually present. The same test indicates the presence of the disease
0.5% of the time when the disease is not present. One percent of the population actually has the
disease. Calculate the probability that a person has the disease given that the test indicates the
presence of the disease.

Solution: 13. We identify the following events:

D : apersonhasthedisease , TP : aperson tests positive for the disease

Wearegiven P(D)=.01, P(D')=.99, P(TP|D)=.95, P(TP'|D)= .05,
P(TP|D') =.005, P(TP'|D") =.995.

Wewishtofind P(D|TP) .

We first solve the problem using rules of conditional probability.

We have P(D|TP) = %

Weadsohave, P(DNTP) = P(TP|D)- P(D) = (.95)(.01) = .0095 , and
P(TP)= P(DNTP)+ P(D'NTP)
= P(TP|D) - P(D)+ P(TP|D')- P(D') = (.95)(.01) + (.005)(.99) = .01445 .
P(DNTP) 0095

Then, P(D|TP) = “pep = g = 057

We can also solve this problem with the model population approach. We imagine a model
population of 100,000 individuals. In this population, the number with diseaseis#(D) = 1000
(.01 of the population) , the number without diseaseis#(D') = 99, 000 (.99 of the population).
Since P(T'P|D) = .95 , it follows that 95% of those with the disease will test positive, so the
number who have the disease and test positiveis #(T'P N D) = .95 x 1000 = 950 (thisjust
reflectsthefact that P(TP N D)= P(TP|D) x P(D) = .95 x .01 =.0095 , so that
.0095 x 100,000 = 950 in the population have the disease and test positive. In the same way, we
find #(T'P N D’) = .005 x 99,000 = 495 is the number who do not have disease but test
positive. Therefore, the total number who test positiveis
#HTP)=#TPND)+#TPND)=950+495 = 1445.
The probability that a person has the disease given that the test indicates the presence of the
disease is the proportion that have the disease and test positive as a fraction of all those who test
#TPND) 950

positive, P(D|TP) = D) — 1445 — .657.
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Example 2-10 continued

The following table summarizes the cal culations in the conditional probability approach.

P(D) = .01, given P(D") = .99
=1-.01
TP P(TP|D) = .95, given P(TP|D") = .005, given
P(TPN D) P(TPN D"
= P(TP|D)- P(D) = P(TP|D') - P(D")
= (.95)(.01) = .0095 = (.005)(.99) = .00495
TP P(TP'|D)=1- P(TP|D) P(TP'|D')=1-P(TP|D")
= .05, =.995 ,
P(TP' N D) P(TP'n D)
= P(TP'|D) - P(D) = P(TP'|D")- P(D)
= (.05)(.01) = .0005 = (.995)(.99) = .98505

P(TP)=P(TPND)+P(TPND')=.0095+ .00495 = .01445 .

_ P(ONTP) _ 0095 _ :
P(D|TP) = PTPY. = 01445 = 657 . Answer: B
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PROBLEM SET 2
Conditional Probability and Independence

1. Let A, B, C and D beeventssuchthat B= A", CND =, and

1 3 1 3 1 1
P[A] =7, P[B]=7%., P[C|A] =5, P[C|B]= 7%, P[D|A]= 7, P[D|B] = g
Cdculate P[C' U D] .

A) B) 1 C) 2 D) 2 E) 1

2. Youaregiventhat P[A]=.5 and P[AUB] = .7.

Actuary 1 assumesthat A and B are independent and calculates P[B] based on that assumption.
Actuary 2 assumesthat A and B mutually exclusive and calculates P[B] based on that
assumption. Find the absolute difference between the two calculations.

A) 0 B) .05 C) .10 D) .15 E) .20

3. (SOA) An actuary studying the insurance preferences of automobile owners makes the
following conclusions:

(i) An automobile owner istwice aslikely to purchase collision coverage as disability coverage.
(if) The event that an automobile owner purchases collision coverage is independent of the event
that he or she purchases disability coverage.

(iii) The probability that an automobile owner purchases both collision and disability coverages
is0.15.

What is the probability that an automobile owner purchases neither collision nor disability
coverage?

A)0.18 B) 0.33 C) 0.48 D) 0.67 E) 0.82

4. Two bowls each contain 5 black and 5 white balls. A ball is chosen at random from bowl 1
and put into bowl 2. A ball isthen chosen at random from bowl 2 and put into bowl 1. Find the
probability that bowl 1 still has 5 black and 5 white balls.

2 3 6 1 6
A3 Bsf O D3 B3
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5. (SOA) Aninsurance company examinesits pool of auto insurance customers and gathers the
following information:

(i) All customersinsure at least one car.

(i) 70% of the customers insure more than one car.

(iii) 20% of the customers insure a sports car.

(iv) Of those customers who insure more than one car, 15% insure a sports car.

Calculate the probability that a randomly selected customer insures exactly one car and that car is
not a sports car.

A)0.13 B) 0.21 C)0.24 D) 0.25 E) 0.30

6. (SOA) An insurance company pays hospital claims. The number of claimsthat include
emergency room or operating room chargesis 85% of the total number of claims. The number of
claimsthat do not include emergency room charges is 25% of the total number of claims. The
occurrence of emergency room chargesisindependent of the occurrence of operating room
charges on hospital claims. Calculate the probability that a claim submitted to the insurance
company includes operating room charges.

A)0.10 B) 0.20 C) 0.25 D) 0.40 E) 0.80

7. Let A, B and C beeventssuch that P[A|C] = .05 and P[B|C] = .05. Which of the
following statements must be true?

A) P[AN B|C] = (.05) B) P[A NnB|C]> .90 C) P[AUB|C] < .05

D) P[AUB|C'] > 1 — (.05)? E) P[AUB|C’] > .10

8. A system has two components placed in series so that the system failsif either of the two
components fails. The second component istwice aslikely to fail asthefirst. If the two
components operate independently, and if the probability that the entire system failsis .28, find
the probability that the first component fails.

A2 B a0 0L D20 E)VI14
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9. A ball isdrawn at random from a box containing 10 balls numbered sequentially from 1 to 10.
Let X be the number of the ball selected, let R be the event that X is an even number, let S be
theeventthat X > 6, and let T" bethe event that X < 4. Which of the pairs (R, S), (R,T),
and (S,T) areindependent?

A) (R,S) only B) (R,T) only C) (S,T)only

D) (R,S)and (R,T) only E) (R,S), (R, T)and (S,T)

10. (SOA) A health study tracked a group of persons for five years. At the beginning of the
study, 20% were classified as heavy smokers, 30% as light smokers, and 50% as nonsmokers.
Results of the study showed that light smokers were twice as likely as nonsmokers to die during
the five-year study, but only half aslikely as heavy smokers. A randomly selected participant
from the study died over the five-year period. Calculate the probability that the participant was a
heavy smoker.

A) 0.20 B) 0.25 C) 0.35 D) 0.42 E) 0.57

11. If Ey, B, and E5 areeventssuch that  P[F,|Es] = P[Ey|E3] = P[Es|E] = p,
P[ElﬂEg] :P[ElﬁEg] :P[EgﬂEg] =r, and P[ElﬂEQQEg] = s,
find the probability that at least one of the three events occurs.

3 3p 3r 3p 3r
A)l—F B) - —r+s C)?—3’F+S D) == —6r+s E)?—’F-I-S

12. (SOA) A public health researcher examines the medical records of a group of 937 men who
died in 1999 and discovers that 210 of the men died from causes related to heart disease.
Moreover, 312 of the 937 men had at least one parent who suffered from heart disease, and, of
these 312 men, 102 died from causes related to heart disease. Determine the probability that a
man randomly selected from this group died of causes related to heart disease, given that neither
of his parents suffered from heart disease.

A) 0.115 B) 0.173 C) 0.224 D) 0.327 E) 0.514
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13. InaT-maze, alaboratory rat is given the choice of going to the left and getting food or going
to the right and receiving amild electric shock. Assume that before any conditioning (in trial
number 1) rats are equally likely to go the left or to theright. After having received food on a
particular trial, the probability of going to the left and right become .6 and .4, respectively on the
following trial. However, after receiving a shock on a particular trial, the probabilities of going to
the left and right on the next trial are .8 and .2, respectively. What is the probability that the
animal will turn left on trial number 2?

A).l B3 (O 5 D) .7 E) .9

14. Inthe game show "Let's Make a Dedl", a contestant is presented with 3 doors. Thereisa
prize behind one of the doors, and the host of the show knows which one. When the contestant
makes a choice of door, at least one of the other doors will not have a prize, and the host will
open adoor (one not chosen by the contestant) with no prize. The contestant is given the option
to change his choice after the host shows the door without aprize. If the contestant switches
doors, what is the probability that he gets the door with the prize?

A)0 B); C3 D); E):Z

15. (SOA) A doctor is studying the relationship between blood pressure and heartbeat
abnormalitiesin her patients. She tests a random sample of her patients and notes their blood
pressures (high, low, or normal) and their heartbeats (regular or irregular). She finds that:

(i) 14% have high blood pressure.

(i) 22% have low blood pressure.

(iii) 15% have an irregular heartbeat.

(iv) Of those with anirregular heartbeat, one-third have high blood pressure.

(v) Of those with normal blood pressure, one-eighth have an irregular heartbeat.
What portion of the patients selected have aregular heartbeat and low blood pressure?
A) 2% B) 5% C) 8% D) 9% E) 20%
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16. (SOA) Aninsurance company issues life insurance policiesin three separate categories:
standard, preferred, and ultra-preferred. Of the company’ s policyholders, 50% are standard, 40%
are preferred, and 10% are ultra-preferred. Each standard policy-holder has probability 0.010 of
dying in the next year, each preferred policyholder has probability 0.005 of dying in the next
year, and each ultra-preferred policyholder has probability 0.001 of dying in the next year. A
policyholder diesin the next year. What is the probability that the deceased policyholder was
ultra-preferred?

A) 0.0001 B) 0.0010 C) 0.0071 D) 0.0141 E) 0.2817

17. (SOA) The probability that arandomly chosen male has a circulation problem is 0.25 . Males
who have a circulation problem are twice as likely to be smokers as those who do not have a
circulation problem. What isthe conditional probability that a male has a circulation problem,
given that heis a smoker?

1 1 2 1 2
A)7 B3z COf D3 Bj

18. (SOA) A study of automobile accidents produced the following data:

Probability of
Model Proportion of involvement
year al vehicles in an accident
1997 0.16 0.05
1998 0.18 0.02
1999 0.20 0.03
Other 0.46 0.04

An automobile from one of the model years 1997, 1998, and 1999 was involved
in an accident. Determine the probability that the model year of this automobileis 1997 .
A) 0.22 B) 0.30 C) 0.33 D) 0.45 E) 0.50
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19. (SOA) An auto insurance company insures drivers of all ages. An actuary compiled the
following statistics on the company’ s insured drivers:

Age of Probability of Portion of Company's
Driver Accident Insured Drivers
16-20 0.06 0.08
21-30 0.03 0.15
31-65 0.02 0.49
66-99 0.04 0.28

A randomly selected driver that the company insures has an accident.
Calculate the probability that the driver was age 16-20.
A) 0.13 B) 0.16 C) 0.19 D) 0.23 E) 0.40

20. (SOA) Upon arrival at a hospital’ s emergency room, patients are categorized according to

their condition as critical, serious, or stable. In the past year:
(i) 10% of the emergency room patients were critical;
(ii) 30% of the emergency room patients were serious,
(iii) the rest of the emergency room patients were stable;
(iv) 40% of the critical patients died
(v) 10% of the serious patients died; and
(vi) 1% of the stable patients died.

Given that a patient survived, what is the probability that the patient was categorized as serious
upon arrival?
A) 0.06 B) 0.29 C) 0.30 D) 0.39 E) 0.64

21. Let A, B and C' be mutually independent events such that P[A] = .5, P[B] = .6 and
P[C] =.1. Cdculate P[A'UB UC].
A) .69 B) .71 C).73 D) .98 E) 1.00

22. (SOA) Aninsurance company estimates that 40% of policyholders who have only an auto
policy will renew next year and 60% of policyholders who have only a homeowners policy will
renew next year. The company estimates that 80% of policyholders who have both an auto and a
homeowners policy will renew at least one of those policies next year. Company records show
that 65% of policyholders have an auto policy, 50% of policyholders have a homeowners palicy,
and 15% of policyholders have both an auto and a homeowners policy. Using the company’s
estimates, calculate the percentage of policyholdersthat will renew at |east one policy next year.
A) 20 B) 29 C)41 D) 53 E) 70
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23. (SOA) An actuary studied the likelihood that different types of drivers would be involved in
at least one collision during any one-year period. The results of the study are presented below.

Type of
driver
Probability
Type of Percentage of of at least one
driver al drivers collision
Teen 8% 15
Y oung Adult 16% .08
Midlife 45% .04
Senior 31% .05
Total 100%

Given that adriver has been involved in at least one collision in the past year, what is the
probability that the driver is ayoung adult driver?
A) 0.06 B) 0.16 C) 0.19 D) 0.22 E) 0.25

24. Urn 1 contains 5 red and 5 blue balls. Urn 2 contains 4 red and 6 blue balls, and Urn 3
contains 3 red balls. A ball is chosen at random from Urn 1 and placed in Urn 2. Then aball is
chosen at random from Urn 2 and placed in Urn 3. Finally, aball is chosen at random from
Urn 3. Find the probabilities that all three balls chosen are red.

A B Oz D B
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PROBLEM SET 2 SOLUTIONS

1. SinceC and D have empty intersection, P[C' U D] = P[C]|+ P[D].

Also, since A and B are "exhaustive" events (since they are complementary events, their union is
the entire sample space, with a combined probability of

P[AUB] = P[A]+ P[B]=1).

Weusetherule P[C] = P[C N A]+ P[C N A'],andtherule P[C|A] = P[A[m]c] to get
P[C] = P[C|A]- PIA] + PlC|A] - PlA] =1 . 2 4 3.3 _ 1L gng

P[D] = P[D|A] - P[A] + P[D|A'] - [ T=3-1+3-3=35.

Then, P[C'UD]= P[C]+ P[D] = Answer: C.

2. Actuary 1: Since A and B are independent, soare A’ and B’ .
P[AANB]=1-P[AUB] = 3.
But .3=P[A'NnB|=P[A]-P[B]|=(5P|B]|- P[B|=.6-P[B]=.4.
Actuary 2: .7 = P[AUB] = P[A]+ P[B] = .5+ P[B] » P[B] = .2.

2

Absolute differenceis |.4 —.2| = Answer: E

3. Weidentify the following events:

D = an automobile owner purchases disability coverage, and

C' = an automobile owner purchases collision coverage.

We are given that

(i) P[C]=2P[D], (ii) C and D areindependent, and (iii) P[C N D] = .15.
From (ii) it followsthat P[C' N D] = P[C] - P[D], and therefore,

.15 = 2P[D] - P[D] = 2(P[D])? , fromwhichweget P[D] = \/.075 = .27386 .
Then, P[C] = 2P[D] = .54772, P[D'] =1 — P[D] = .72614 , and

P[C'] =1 - P[C] = 45228 .

Since C and D areindependent, so are C’ and D', and therefore, the probability that an
automobile owner purchases neither disability coverage nor collision coverageis
P[C'nD'|=P[C']-P[D'] = .328. Answer: B

© ACTEX 2010 SOA Exam P/CAS Exam 1 - Probability



PROBLEM SET 2 83

4. Let C bethe event that bowl 1 has 5 black balls after the exchange.
Let B; bethe event that the ball chosen from bowl 1 is black, and
let B, bethe event that the ball chosen from bowl 2 is black.
Event C isthedigoint unionof B; N B, and B N B}, (black-black or
white-white picks), sothat P[C'| = P[B; N By| + P[B; N B}] .
The black-black combination has probability ()(3)
sincethereisa 15—0 chance of picking black from bowl 1, and then (with 6 black in bowl 2, which
now has 11 balls) 16—1 is the probability of picking black from bowl 2. Thisis
P[BiN By = P[By|By] - P[B)] = (£)(3).
6 \/1

Inasimilar way, the white-white combination has probability (77)(35) -

Then PIC] = (Z)3) +(2)d) =L . Answer: C

5. Weidentify the following events:

A - the policyholder insures exactly onecar (sothat A’ isthe event that the policyholder insures
more than one car), and

S - the policyholder insures a sports car.

Wearegiven P[A’] =.7 (fromwhichit followsthat P[A] = .3), and P[S] = .2

(and P[S’] = .8). Weare aso given the conditional probability P[S|A'] = .15 ;

"of those customers who insure more than one car”, means that we are looking at a conditional
event given A’ .

Weareasked to find P[AN S'].

We create the following probability table, with the numeralsin parentheses indicating the order in
which calculations are performed.

A, 3 AT
S, 2 (2) P[S N A] (1) P[S N A'] = P[S|A] - P[A]
= P[S] - P[SN A = (.15)(.7) = .105
=.2—.105 = .095
S, 8 (3) P[ANS]
= PJ[A] - P[ANS]
= .3—.095 = .205

We can solve this problem with amodel population of 1000 individual s with auto insurance.
#A = 300 (since 70% insure more than one car), and #S = 200. From P[S|A'] = .15 we get
#SNA = .15 x #A4' = .15 x 700 = 105 . Then #S N A =#S —#S N A’ = 200 — 105 = 95,
and #S'NA =#A —#S N A =300 — 95 = 205 isthe number that insure exactly one car and
the car is not a sports car. Therefore P[S’ N A] = .205 . Answer: B
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6. We define the following events.

E - the claim includes emergency room charges,,

O - the claim includes operating room charges.

Wearegiven P[EUO] = .85 , P[E'] = .25 and E and O areindependent.
We are asked to find P[O)] .

We use the probability rule P[E U O] = P[E]+ P[O] — P[ENO].

Since E and O are independent, we have P[E N O] = P[E] - P|O] = (.75)P[O]
(since P[E]=1— P[E'] =1 —.25=75).

Therefore, .85 = P[E U O] = .75 + P[O] — .75P[0].

Solving for P[O] resultsin P[O] = .40 . Answer: D

7. P[ANnB'|C]=P[(AUB)|C]=1-P[AUB|C] > .9,
since P[AU B|C] < P[A|C] + P[B|C] =.1. Answer: B

8. .28 = P[C} U Cy] = P[Cy] + P[Cy] — P[Cy N Cy] = P[Cy] + 2P[C] — 2(P[Cy])?

Solving the quadratic equation resultsin P[C4] = .1 (or 1.4, but we disregard this solution since
P[Cy] must be < 1). Alternatively, each of the five answers can be substituted into the
expression above for P[C}] to see which one satisfies the equation. Answer: B
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10. Weidentify the following events

N -non-smoker , L -lightsmoker , H - heavy smoker

D - dies during the 5-year study .

Wearegiven P[N|= .50, P[L] =.30, P[H] = .20.

Weareasotold that P[D|L] = 2P[D|N] = ;P[D|H]

(the probability that alight smoker dies during the 5-year study period is P[D|L] ;

it isthe conditional probability of dying during the period given that the individual is alight
smoker). We wish to find the conditional probability P[H|D] .

We will find this probability from the basic definition of conditional probability,

P[H|D] = P[gg]’j}
The numeralsindicate the order in which the cal culations are made.

We are not given specific valuesfor P[D|L], P[D|N],or P[D|H],sowill le¢ P[D|N] =k,
andthen P[D|L] =2k and P[D|H] = 4k .

. These probabilities can be found from the following probability table.

N, 5 L,.3 H,.2
D (1) P[DNN] (2) P[DN L] (3) P[D N H]
= P[D|N] - P[N] = P[D|L] - P|L] = P[D|H] - P[H]
= (k)(.5) = 5k = (2k)(.3) = .6k = (4k)(.2) = .8k

(4) P[D] = PIDNN] + P[DN L]+ P[DN H] = .5k + .6k + .8k = 1.9k .
P[HND] 8k

(5) P[H|D] = PD] = 1.9k = 42 Answer: D
11. PlE\|Es] = Pffgfﬂ =p~ PlE] == andsimilarly P[E;] = PE] = .

Then, P[E; U E, U Ej]
= P[E\| + P[Ey| + P[E3] — (P[Ey N Ey] + P[Ey N B3] + P[E, N E3))
+P[EsNE;NE;) =3(5)—3r+s. Answer: C

r
p
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12. Inthisgroup of 937 man, we regard proportions of people with certain conditions to be

probabilities. We are given the population of 937 men. We identify the following conditions:

DH - died from causes related to heart disease, and

PH - had aparent with heart disease.

Wearegiven #PH = 312, soif followsthat #PH' = 937 — 312 = 625.

Weareasogiven #DH = 210 and #DH N PH =102 .

It followsthat #DH N (PH') =#DH — #DH N PH = 210 — 102 = 108 .

Then the probability of dying due to heart disease given that neither parent suffered from heart
#DHN(PH') 108

disease is the proportion ——57— = &5 -

The solution in terms of conditional probability rulesis as follows. From the given information,
we have

P[DH] = % (proportion who died from causes related to heart disease)

P[PH] = % (proportion who have parent with heart disease)

P[DH|PH] = ;)—(1)3 (prop. who died from heart disease given that a parent has heart disease).

Weareaskedtofind P[DH|PH'] (PH' isthe complement of event PH, sothat PH' isthe
event that neither parent had heart disease). Using event algebra, we have

P[DH|PH] = % — P[DHN PH] = P[DH|PH]- P[PH] = (32)(312) _ 102
Wenow usetherule P[A] = P[ANB]+ P[AN B] .

Then P[DH]= P[DH N PH|+ P[DHNPH'| » 2Y =12 4 pipgnPH

937 — 937
= P[DHNPH'] = 32 .

) P[DHNPH' 108/937 108/937 1
Finaly, P[DH|PH'| = [p[pr] l lfP/[PH] - 1_/% — 108 _ 1728,
These calculations can be summarized in the following table.
DH , 210 DH', 727
given =937 — 210
PH , 312 DHNPH =102 DH' N PH =210
given given =312 - 102
PH', 625 DHNPH' =108 DH' N PH' =517
=937 — 312 =210 —-102 =727 —210o0r
= 625 — 108
PIDH|PH'] = PIDHOPH'] _ #DHAPH'| _ 108 _ |moq

P[PH'] #PH] — 625

In this example, probability of an event is regarded as the proportion of a group that experiences
that event. Answer: B
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13. L1 =turnleftontrial 1, R1 =turnrightontrial 1, L2 = turnleft ontrial 2.
Wearegiventhat P[L1] = P[R1] =.5.

P[L2] = P[L2N L1] + P[L2N R1] since L1, R1 formapartition .

P[L2|L1] = .6 (if therat turnsleft on trial 1 then it gets food and has a .6 chance of turning left
ontrial 2). Then P[L2N L1] = P[L2|L1] - P[L1] = (.6)(.5) = .3 .

Inasimilar way, P[L2N R1] = P[L2|R1]- P[R1] = (.8)(.5) = 4.

Then, P[L2] = .3+ .4=.7.

In amodel population of 10 rats, #L.1 = #R1 =5 ,and #L2NL1=.6 x5 =3

and #L2 N R1 = .8 x 5 = 4. Then the number turning left on trial 2 will be

#L2 =#L2N L1 +#L2N R1 =3+ 4 =7, so the probability of arat turning left on trial 2 is
7/10 = .7 Answer: D

14. We define the events A = prize door is chosen after contestant switches doors,,

B = prize door isinitial one chosen by contestant . Then P[B] = % , Since each door is equally
likely to hold the prizeinitially. Tofind P[A] we usethe Law of Total Probability.

P[A] = PA|B]- P[B] + P[A|B] - P[B] = (0)(3) + (1)(3) = 3 .
If the prize door isinitially chosen, then after switching, the door chosen is not the prize door, so
that P[A|B] = 0. If the prize door isnot initially chosen, then since the host shows the other
non-prize door, after switching the contestant definitely has the prize door, so that P[A|B'] = 1.

Answer: E

15. Thisquestion can be put into the context of probability event algebra. First we identify
events. H = high blood pressure , . = low blood pressure , N = normal blood pressure ,
R = regular heartbeat , I = R’ = irregular heartbeat

We are told that 14% of patients have high blood pressure, which can be represented as

P[H] = .14, andsimilarly P[L] = .22, and therefore P[N| =1— P[H] — P[L] = .64 .
Wearegiven P[I] =.15,s0that P[R]=1— P[I] = .85.

We are told that "of those with an irregular heartbeat, one-third have high blood pressure”. This
isthe conditional probahility that given I (irregular heartbeat) the probability of H (high blood
pressure) is P[H|I| = % . Similarly, wearegiven P[I|N] = % .

We are asked to find the portion of patients who have both aregular heartbeat and low blood
pressure; thisis P[R N L] . Since every patient is exactly oneof H, L or N, we have
P[RN L]+ P[RNH]+ P[RNN] = P[R] = .85, sothat

P[RNL]=.85—P[RNH|]—- P[RNN].
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15. continued
From the conditional probabilities we have

4= P = 2550 = PO P = 05, and
L= pirN) = St = P o PN = 08

Then, since al patients are exactly one of I and R, we have

P[HNI|+ P[HNR]=P[H]=.14-> P[HNR]=.14—.05=.09, and
P[INN]+ P[RNN]=P[N]=.64 > PIRNN]=.64— .08 =.56.
Finally, PIRN L] =.85— P[RNH]— P[RNN] = .85—.09 — .56 = .20.

These calculations can be summarized in the following table.

H, .14 N, .64 L, .22
given =1-—.14—.22 given
\’ \
I,.15 P(H|I):§ P(I\N):g
given given given
PHNI) P(NNI) P(LNI)
=P(H|I) - P(I) = P(I|N)- P(N) =P(I)—PHNI)—P(NNI)
= (3)(.15) = .05 = (§)(.64) = .08 = =.15— .05 — .08 = .02
\
R, .85 P(RNL)
=1-.15 =P(L)—P(LNI)
=.22—-.02=.2

Note that theentries P(RN H) and P(RN N) can aso be calculated from thistable.

The model population solution is as follows. Suppose that the model population has 2400
individuals. Then we have the following

#H = .14 x 2400 = 336 , #L = 528 , #N = 1536 , #I = 360 , #R = 2040 .

Since one-third of those with an irregular heartbeat have high blood pressure, we get

#I N H = 120, and since one-eighth of those with normal blood pressure have an irregular
heartbeat we get #N N1 = 192 . Wewishtofind#R N L .

From #I =#INH+#INL+#I NN ,weget 360 =120+#I N L+ 192,

sothat #1 N L =48 . Thenfrom #L =#I N L +#R N L we get

528 =48 + #R N L, sothat #R N L = 480 . Finaly, the probability of having aregular

heartbeat and low blood pressure is the proportion of the population with those properties, which

480 _ o

2400 = Answer: E

is
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16. Thisisatypica exercise involving conditional probability. Wefirst label the events, and
then identify the probabilities.

S - standard policy P - preferred policy

U - ultra-preferred policy D- death occursin the next year.

Wearegiven P[S]= .50, P[P]= .40, P[U] = .10,

P[DI|S] = .01 , P[D|P]=.005, P[D|U] = .001.

Weareasked to find P[U|D] .

The model population solution is as follows. Suppose there is amodel population of 10,000
insured lives. Then #S = 5000 , #P = 4000 and #U = 1000 .

From P[D|S] = .01 weget #D NS = .01 x 5000 = 50 , and we also get

#D N P = .005 x 4000 =20 and #D NU = .001 x 1000 = 1.

Then #D =50+ 20+ 1 =71, and P[U|D] isthe proportion who are ultra-preferred as a
proportion of al who died. Thisis % =.0141.

The conditional probability approach to solving the problemis as follows.

The basic formulation for conditional probability is P[U|D] = [U[Bf’ |

We use the following relationships:
P[AN B] = P[A|B]- P[B] ,and
P[A] = P[ANCy]+ P[ANCy] +---+ P[ANC,] , for apartition Cy,Cs...,C, .

Inthis problem, events .S, P and U form apartition of all policyholders.
Using the relationships we get
P[UN D] = P[D|U]-P[U] = (.001)(.1) = .0001 , and
P[D]=P[Dn S|+ P[DnNn P]+ P[DNU]
= P[D|S]- P[S] + P[D|P] - P[P] + P[D|U] - P[U]
(.01)(.5) + (.005)(.4) + (.001)(.1) = .0071 .

PIDIULP[U]
Then, PIU|D] = “5P = STrEITRIDIPL PP PO P

(.001)(.1) .0001
= (OD(5)1(.005) (A (000 (D) — o071 — 0141

Notice that the numerator is one of the factors of the denominator. Thiswill always be the case

when we are "reversing” conditional probabilities such as has been done here; we are to find
P[U|D] from being given information about P[D|U]|, P[D|S], P[D|P], etc
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16. continued
From the calculations already made it is easy to find the probability that the deceased
policyholder was preferred;

_ P[PnD] P[D|P]-P[P]
PIPID] = =poT = PSPPI PP PDUTPI]
_ (.005)(.4) _ 0020 _ oqim
= (01)(:5)+(.005)(.4)+(-001)(.1) — 0071 —
- (.01)(.5) 0050 _
And P[S|D] IS 5y7540005) (4)F (000 (1) = o071 — 1042
The calculations can be summarized in the following table.
S,.5 P, .4 u,.1
given given given
D P(D|S) = .01 P(D|P) = .005 P(D|U) = .001
given given given
P(DNS) P(DN P) P(DNU)
= P(D|S) - P(5) = P(D|P) - P(P) = P(D|U) - P(U)
= (.01)(.5) = .005 = (.005)(.4) = .002 = (.001)(.1) = .0001

P(D) = P[DN S|+ P[DNP]+ P[DNU] = .005 +.002 + .0001 = .0071.

_ PlUND] _ 0001 _ )
P[U|D] = PD] o071 = -0141. Answer: D

17. Weidentify the following events:

C - arandomly chosen male has a circulation problem,

S - arandomly chosen maleisasmoker.

We are given the following probabilities:

P[C] = .25, P[S|C] =2P[S|C"].

Fromtherule P[AnN B] = P[A|B]- P[B], weget

P[SNC] = PIS|C]- P[C] = (:25)P[S|C] , and

P[SNC' = P[S|C'] - P[C'] = P[S|C"] - (1 = P[C]) = (.75)(3)P[S|C] ,

sothat P[S] = P[SNC]+ P[SNC'] = (.25)P[S|C] + (.7 5)(2)P[S|C] = .625P[S|C] .
Weareaskedtofind P[C|S]. Thisis P[C|S] = Tprg?l = L00ele] = 4.

Note that the way in which information was provided allowed us to formulate various
probabilitiesin termsof P[S|C] (but we do not have enough to find P[S|C]). Answer: C

(
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18. Weidentify events as follows:

97. themodel year is1997 , 98: the model year is1998 , 99: the model year is 1999
OO : other, the model year isnot 1997, 1998 or 1999

A : thecarisinvolved in an accident

Wearegiven P[97] = .16 , P[98] = .18 , P[99] = .20, P[00] = .46 ,
P[A|97] = .05, P[A|98] = .02, P[A|99] = .03, P[A|other] =.04.

The model population solution is as follows. Suppose there are 10,000 automobiles in the study.
Then #97 = 1600, #98 = 1800, #99 = 2000, #OO = 4600 .

From P[A|97] = .05 weget #4 N 97 = .05 x 1600 = 80 , and in asimilar way we get
#AN98 = .02 x 1800 = 36 , #A4 N 99 = .03 x 2000 = 60

and #A N OO = .04 x 4600 = 184 .

We are given that an automobile from one of 97, 98 or 99 wasinvolved in an accident, and we
wish to find theprobability that it was a 97 model. Thisisthe conditional probability

PO7|AN (97U 98 U99)] . Thiswill be the proportion

#ANI9T . 80 _ 80 _ 4545
#ANITHHANIB+#AN99 — 80+36+60 — 176 — ° ’

The conditional probability apporach to solve the problem is as follows.

We use the conditional probability rule P[C|D] = PICOD] o5 that

Py
PIOTIA N (97U 98 U 99)] = LR

From set algebra, we have 97N [AN(97U98U99)] =97N A, and
AN(97U98U99) = (ANI97)U (ANI8)U(ANIY) .

Since the events 97, 98 and 99 are digjoint, we get
P[AN(97U98U99)] = P[(AN97)U (AN98) U (AN99)]
= P[AN97]+ P[AN98] + P[AN99].

From conditional probability rules we have

P[AN97] = P[A|97] - P[97] = (.05)(.16) = .008 , and similarly
P[AN98] = (.02)(.18) =.0036, and P[AN99] = (.03)(.20) = .006 .
Then, P[AN(97U98U99)] = .008 4 .0036 + .006 = .0176 .

Therefore, the probability we are trying to find is

P97TN[AN(97U98U99
P[O7]AN (97U 98 U 99)] = L1 P[Q[m(gguggugj)] )]
P[97NA] 008

= PlANO709809)] — oir6 — 4945
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18. continued
These calculations can be summarized in the following table.
97, .16 98, .18 99, .20 Other, .46
given given given given
A P(A|97) P(A|98) P(A]99) P(A|Cther)
=.05 =.02 =.03 =.04
given given given given
P(AN9T) P(AN9) P(AN99) P(A n Other)
P[A|97] - P[97] P[A|98] - P[98] P[A|99] - P[99] P[A|Q] - P[O]
= (.05)(.16) = (.02)(.18) = (.03)(.20) = (.04)(.46)
=.008 =.0036 =.006 =.0184
Then, P[97|AN (97U 98U 99)] = oerieoog = 4545 -

Note that the denominator is the sum of the first three of the intersection probahilities, since the
condition is that the auto was 97, 98 or 99. If the question had asked for the probability that the

model year was 97 given that an accident occurred (without restricting to 97, 98, 99) then the

.008
.008+4-.0036+.006+. 0184

denominator. If the question had asked for the probability that the model year was 97 given that

an accident occurred and the automobile was from one of the model years 97 or 98, then the

.008
.008+-. 0036 *

probability would be we would include all model yearsin the

probability would be we would include only the 97 and 98 model years.

Answer: D

19. Weidentify the following events:

A - thedriver has an accident ,

T (teen) - age of driver is 16-20 , Y (young) - age of driver is 21-30 |,

M (middle age) - age of driver is 31-65 , S (senior) - age of driver is 66-99 .

The final column in the table lists the probabilitiesof T', Y, M and S, and the middie column
gives the conditional probability of A given driver age. The table can be interpreted as

Age Probability of Accident Portion of Insured Drivers
16-20 P[A|T] = 06 P[T] = .08
21-30 P[A|Y] = PlY]=.15
31-65 P[A|M] = P[M] = 49
66-99 P[A|S] = P[S] = .28

We areasked to find P[T'|A] .
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19. continued
We construct the following probability table, with numeralsin parentheses indicating the order of
the calculations.

T,.08 Y, .15 M, 49 S, .28

A (1) PlANT] (2) P[ANY)] (3) P[AN M] (4) P[AN 8]
= PJA|T] - P[T] = P|A|Y]- P[Y] = P[A|M] - P[M] = P[A|S]- P[S]
= (.06)(.08) = (.03)(.15) = (.02)(.49) = (.04)(.28)
= .0048 = .0045 = .0098 = 0112

(5) P[A] = P[ANT])+ P[ANY]+ P[AN M]+ P[AN S] = .0303

_ PIANT] _ 0048 _ 158 . Answer: B

(6) PIT|A] = =praT = ‘0303

20. Welabel the following events:

C - critical , S -serious , T -stable , D -died , D - survived.

The following information is given

P(C)=.1,P(S)=3,P(T)=.6=1-P(C)—P(S),

P(D|IC)=.4,P(D|S)=.1, P(D|IT)=.01.

We areasked to find P(.S|D) . Thiscan be done by using the following table of probabilities.
Therules being used hereis P(AN B) = P(A|B) - P(B) ,

and P(A) = P(ANBy))+ P(ANBy)+---+ P(ANB,) if By, By, ..., B, formapartition
of the probability space. Inthiscase, C', S, T' form apartition since all patients are exactly one
of these three conditions.

C S T
D P(DNC) P(DNS) P(DNT)
= P(D|C)-P(C)  =P(D|S)-P(S) =P(D|T)-P(T)
= (4)(.1) = .04 = (1)(.3) = .03 = (.01)(.6) = .006

- P(D)=P(DNC)+P(DNS)+P(DNT) = .04+ .03 +.006 = .076

D P(D'NnC) P(D'NnS) P(D'NT)
=P(D'|C)-P(C) =PD|S)-P(S) =P P(T)
= (.6)(.1) = .06 = (.9)(.3) = .27 = (.99)(.6) = .594

- P(D')=PD'NC)+P(D'NS)+P(D'NT) = .06+ .27 + .594 = .924
It was not necessary to do the calculationsfor D', since P(D') = 1 — P(D) = 1 — .076 = .924.

The probability in questionis P(S|D") = PEDS(?)?) = 371 =.292. Answer: B
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21. PI[AUB UC]

= P[A'|+ P|B'|+ P[C] — (P[AANB|+ P[ANC|+P[BnC])+ P[ANnB NC]

=5+44+.1-[(.5)(4)+ (51 + (4] + (5)(4)(.1) =.73.

If events X and Y areindependent, thensoare X’ andY, X andY’,and X’ and Y” .

Alternatively using DeMorgan's Law, we have

PAUBUC|=1-P[(AUBUC)]=1-PA"NnB"NnC'|=1-P[AnBNC]
=1—P[A]- P[B]- P[C'] =1 - (.5)(.6)(.9) = .73. Answer: C

22. We define the following events

R - renew at least one policy next year

A - hasan auto policy , H - hasahomeowner policy

A policyholder with an auto policy only can be described by theevent AN H' , and
apolicyholder with a homeowner policy only can be described by theevent A’ N H .
Wearegiven P[RIANH'| =4, P[RIAANH|=.6 and P[RIANH] = 8.
Weareaso given P[A] = .65, P[H]=.5and P[ANH]=.15.

We are asked to find P[R)].

We usetherule
PR|=P[RNANH|+PRNANH|+PRNANH'|+PRNANH'].

Since renewal can only occur if thereis at least one policy, it followsthat PIRNA'NH'| =0;
in other words, of thereis no auto policy (event A") and there is no homeowner policy (event H'),
then there can be no renewal. An alternative way of saying the samethingisthat R isasubset
(subevent) of AU H .

(Notealsothat P[AU H| = P[A]+ P|H] — P[ANH] = .65+ .5 — .15 =1, so thisalso show
that R must be asubevent of A U H , and it aso shows that
P[ANH]=1-P[AUH]=1-1=0 sothat A'NH' =¢).

This can beillustrated in the following diagram.
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S

N

Wefind PIRNANH],PIRNA NnH]and PIRN AN H'] by using therule
P[CND]|=P[C|D]-P[D]:

P[RNANH]|=P[RIANH]-PIANH| = (.8)(.15) = .12,
PIRNA'NH]=P[RIANH|-P[AANH|=(6)P[ANH],
P[RNANH'|=P[RIANH']-PIANH']| = (4)P[ANH']| .

In order to complete the calculationswe must find P[A' N H] and P[AN H'].

From the diagram above, or using the probability rule, we have

P[A] = P[ANH]+P[ANH'| » .65= .15+ P[ANH]| > P[ANH] =5, and

P[H] = P[ANnH|+ P[ANH|-»5=.154+P[ANH| - PANH|=.35.

Then P[RNA' NH]=(.6)(.35)=.21and PIRNANH'| = (4)(.5) =.2.

Finaly, P[R] = .12+ .21 4+ .2 = .53 . 53% of policyholders will renew. Answer: D

23. Wearegiven P(teen) = .08 , P(youngadult) = .16 , P(midlife) = .45 and
P(senior) = .31 . Weare aso given the conditional probabilities

P(at least one collision|teen) = .15 , P(at least one collision|young adult) = .08 ,
P(at least one collision|midlife) = .04 , P(at least one collision|senior) = .05 .
Wewishto find P(young adult|at least one collision) .

Using the definition of conditional probability, we have
P(young adultnat least one callision)
P(at least one collision)

Weusetherule P(AN B) = P(A|B) - P(B) ,to get
P(young adult N at least one collision) = P(at least one collision N young adult)
= P(at least one collision|young adult) - P(young adult) = (.08)(.16) = .0128 .

P(young adult|at least one collision) =
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24. continued

We aso have
P(at least one collision) = P(at least one collision N teen)

+ P(at least one collision N young adult) + P(at least one collision N midlife)

+ P(at least one collision N senior)

= P(at least one collision|teen) - P(young teen)

+ P(at least one collision|young adult) - P(young adult)

+ P(at least one collision|midlife) - P(midlife)

+ P(at least one collision|senior) - P(senior)
= (.15)(.08) + (.08)(.16) + (.04)(.45) + (.05)(.31) = .0583..

Then P(young adult|at least one collision) = % =.2196 .

These calculations can be summarized in the following table.

T, .08 Y, .16 M, 455, .31

given given given given
Atleastone  P(CI|T) P(ClY) P(C|M) P(C1S)
collision =.15 =.08 =.04 = .05

given given given given

P(CNT)  P(CNY) P(CNAM) P(CNS)
= (15)(.08) = (.08)(.16) = (.04)(.45) = (.05)(.31)
=.012 = .0128 =.018 =.0165

P(atleast one Collision) = P(C) = P(CNT)+ P(CNY)+P(CNM)+P(CNS)
=.012 +.0128 4+ .018 + .0165 = .0593 .

P(young adult|at least one collision) = P(Y|C') = P55 = {2258 = 2196 Answer: D

24. Ry, Ry and R3 denote the events that the 1st, 2nd and 3rd ball chosen isred, respectively.

P(RsNRyNRy) = P(Rs|RyNRy) - P(Ry N Ry)
= P(Rs|Ry N Ry)- P(Ro|Ry) - P(Ry) =171 15 =155 .  Answer: D
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23. X haspdf f(z)=xz for 0<z<1.

Also, P(X =0)=a and P(X =1)=b,and P(X <0)= P(X > 1) =0.

For what value of @ is V ar(X) maximized?
A)0<a<.1 B).1<a<.2 C.2<a<.3 D)3<a< 4

24. You are given theevents A # () and B # () satisfy the relationships
(i) P(ANB)>0 and

(i) P(A|B) = P(B|A) (conditional probabilities) .

How many of the following statements always must be true?

I. A and B are independent. Il. P(A) = P(B)

E)a> .4

. A=0B

A) None B)1 ()2 D) All 3 E) None of A,B,C or D iscorrect

25. A loss random variable is uniformly distributed on theinterval (0, 2000) .
Aninsurance policy on thisloss has an ordinary deductible of 500 for loss amounts

up to 1000. If the lossis above 1000, the insurance pays half of the loss amount.

Find the standard deviation of the amount paid by the insurance when aloss occurs.

A) Lessthan 250 B) At least 250, but less than 300 C) At least 300, but less than 350

D) At least 350, but lessthan 400 E) At least 400

26. Random variables X and Y have ajoint distribution with joint pdf
flay) =2 for 0<z<2and 0<y <2
Find the conditional probability P(X +Y >2|X <1).

A)% B) 1 C)g D)% E)g

27. Thepdf of X is f(x) = ax + b ontheinterval [0,2] and the pdf is 0 elsewhere.

Y ou are given that the median of X is1.25. Find the variance of X.

A) Lessthan .05 B) At least .05 but lessthan .15 C) At least .15 but less than .25

D) At least .25 but less than .35 E) At least .35
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23. X haspdf f(z)=xz for 0<z<1.

Also, P(X =0)=a and P(X =1)=b,and P(X <0)= P(X > 1) =0.

For what value of @ is V ar(X) maximized?
A)0<a<.1 B).1<a<.2 C.2<a<.3 D)3<a< 4

24. You are given theevents A # () and B # () satisfy the relationships
(i) P(ANB)>0 and

(i) P(A|B) = P(B|A) (conditional probabilities) .

How many of the following statements always must be true?

I. A and B are independent. Il. P(A) = P(B)

E)a> .4

. A=0B

A) None B)1 ()2 D) All 3 E) None of A,B,C or D iscorrect

25. A loss random variable is uniformly distributed on theinterval (0, 2000) .
Aninsurance policy on thisloss has an ordinary deductible of 500 for loss amounts

up to 1000. If the lossis above 1000, the insurance pays half of the loss amount.

Find the standard deviation of the amount paid by the insurance when aloss occurs.

A) Lessthan 250 B) At least 250, but less than 300 C) At least 300, but less than 350

D) At least 350, but lessthan 400 E) At least 400

26. Random variables X and Y have ajoint distribution with joint pdf
flay) =2 for 0<z<2and 0<y <2
Find the conditional probability P(X +Y >2|X <1).

A)% B) 1 C)g D)% E)g

27. Thepdf of X is f(x) = ax + b ontheinterval [0,2] and the pdf is 0 elsewhere.

Y ou are given that the median of X is1.25. Find the variance of X.

A) Lessthan .05 B) At least .05 but lessthan .15 C) At least .15 but less than .25

D) At least .25 but less than .35 E) At least .35
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24. P(A|B) = (ﬁf) and P(B|A) = %

Since P(AN B) > 0 itfollowsthat P(A) = P(B),soll istrue.

If A={1,2,3} and B = {3 4,5} when tossing afair die then the conditions are satisfied, but
lisfasesince P(ANB) = ¢ L P(A) x P(B),and Il isfalse.

Answer: B

0 if X <500

25. The amount paid by the insuranceisY’, where Y = {))g =500 if 500 < X <1000

5 if 1000 < X < 2000

Var(Y)=EY%)-[EY)]?.

1000 1 2000 125 875
E(Y):froo (z —500) x mdx"‘fooo% 2000d$_ 5 T3 =5

O

1000 2000 1 62,500 875,000 937,500
E(Y2) = Js00 (55 - 500)2 2000 dx + f1000 2 x 2000 dr = 3 + 03 - 3 )
Var(v) = 2200 _ (8152 _ 191 093.75 .

Standard deviation of Y is /Var(Y) = 4/121,093.75 = 348 .Answer: C

P(X+Y>2nX<1)
PX<1)

26. P(X+Y >2|X <1) =

2a+
P(X<1)= [y [y T dyde = 3

P(X+Y>2nX<1) :folffxzﬁgydyd:ﬂ— o Srdn g, L

1/8

3= Answer: C

P(X+Y >2X<1)=

27. Since f(x) isapdf, we know that fo d:c—2a—|—2b— 1.

t t? 25 _1

= [y f(t)d :“7+bt,soF()_32“+ 2.

Solving these two equationsresultsin a = 14—5 , b= %.
. 2 4 7 53
Themeanof X is E(X) = [jz(75 + 35 dm—ﬁ

and the second moment of X is E(XQ) 02 2( + 3l)da: = % :

2
The variance of X is E(X?) — [E(X))? = 1 — (@) 6l1 _ 302 . Answer: D

45 5 452 —
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